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Abstract 

We construct heterotic vacua based on six-dimensional nearly-Kahler homogeneous manifolds 
and non-trivial vector bundles thereon. Our examples are based on three specific group coset 
spaces. It is shown how to construct line bundles over these spaces, compute their properties and 
build up vector bundles consistent with supersymmetry and anomaly cancelation. It turns out 
CD \ that the most interesting coset is SU{?>)/U{Vf' . This space supports a large number of vector 
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bundles which lead to consistent heterotic vacua, some of them with three chiral families. 
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1 Introduction 

The presence of gauge bundles is one of the distinctive features of heterotic string compactifica- 
tions which is responsible for many of the physically interesting properties as well as technical 
complications of heterotic models. For heterotic Calabi-Yau compactifications the internal met- 
ric is not known explicitly which makes it difficult to solve for gauge connections. This problem 
can be largely circumnavigated by using techniques from algebraic geometry. 

In this paper, we would like to study gauge bundles in the context of heterotic non-Calabi- 
Yau compactifications. We will construct gauge bundles leading to consistent heterotic vacua 



over non-Calabi-Yau spaces and we believe this to be the first time such constructions have being 
carried out explicitly. 

Non-Calabi-Yau conipactifications, in the present context on six-dimensional manifolds with 
SU{3) structure, are an important generalization of the Calabi-Yau case and, due to the pres- 
ence of flux or torsion, they may be particularly relevant to the problem of moduli stabilisation. 
The conditions on the most general heterotic compactifications with a four-dimensional maxi- 
mally symmetric space-time and four preserved supercharges have been found some time ago by 
Strominger [T]. The internal, six-dimensional manifolds of these solutions belong to a particular 
sub-class of manifolds with SU{3) structure and they are complex but not, in general, Kahler. 
The present paper is based on a more general class of heterotic vacua which preserves only two 
supercharges, with the four-dimensional space-time being a domain wall [2] rather than a max- 
imally symmetric space. Such vacua can still be associated with a covariant, four-dimensional 
N = 1 supergravity theory with a "ground state" which is given by a half BPS domain wall. 
Eventually, this domain wall ground state will have to be "lifted" to Minkowski or de-Sitter 
space, possibly in a way similar to what is common practice when lifting AdS vacua. 

In this paper, we work within the context of the simplest class of such heterotic domain wall 
vacua, where the NS flux vanishes and the dilaton is constant. In this case, it turns out that 
the internal six-dimensional manifold has an SU{3) structure which is half-flat. Such half-flat 
manifolds also arise in the context of type II mirror symmetry with flux [3] and many useful 
properties of such half- flat mirror manifolds can be inferred from mirror symmetry [3] . Heterotic 
compactifications on such half-flat mirror manifolds have first been studied in Refs. [11[5] and 
much can be said about the gravitational sector of the resulting low-energy theories. However, 
the study of gauge bundles over such spaces is considerably more difficult mainly due to the lack 
of explicit examples. 

In this paper, we consider three explicit half-flat manifolds, the three coset spaces SU{3)/U{1)'^, 
Sp{2)/SU{2) X C/(l) and G2/SU{3). In Refs. [BHS] heterotic compactifications on these coset 
spaces have been studied, focusing on the gravitational sector of the theory. The main point 
of this paper is to study gauge bundles over these coset spaces in order to construct consistent 
heterotic compactifications. While these coset spaces (with their half-flat SU{3) structure) are 
not complex and, hence, methods of algebraic geometry are difficult to apply, their group origin 
facilitates explicit computations. Metrics and gauge connections can be explicitly constructed 
and the relevant equations of 10-dimensional A'^ = 1 supergravity can be checked directly. We 
also observe that the three coset spaces have the structure of half-flat mirror manifolds so that 
the earlier, general results on the gravitational sector [2] directly apply. 

The plan of the paper is as follows. After a brief review of heterotic domain wall solutions 
in the next section. Section 3 presents the necessary material on coset spaces and the three 
particular examples studied in this paper. Section 4 explains how to construct vector bundles on 
coset spaces and how to compute some of their properties. In section 5, these general methods 
are then applied to our three specific coset spaces, leading up to a preliminary discussion of the 
model building options which arise. We conclude in Section 6. Appendix A summarises our 
index conventions and reviews some useful material on SU{3) structures which is used in the 
main text. Appendix B presents details of the three coset spaces, in particular explicit generators 
for the Lie-algebra, structure constants and some topological invariants, such as Betti numbers. 



2 Heterotic domain wall solutions 

Before we present the explicit coset constructions central to this paper we would like to discuss the 
general context of solutions to heterotic string theory into which these constructions fit. We begin 
with a brief review of lO-dimensional A^ = 1 supergravity and its Killing spinor equations. Half- 
flat manifolds, of which our cosets are examples, lead to solutions of the heterotic string provided 
they are combined with four-dimensional domain wall solutions. In practice this means, the four- 
dimensional effective theory, associated to compactifications on such half-flat manifolds, is a four- 
dimensional covariant A^ = 1 supergravity, however with a perturbative "vacuum" solution, given 
by a domain wall. The structure of the relevant 10-dimensional solutions, combining half-flat 
manifolds and four-dimensional domain walls is explained in the second part of this introductory 
section. In the last part, we review the properties of a specific sub-class of half-fiat manifolds, 
so called half-fiat mirror manifolds, which arise in the context of type II mirror symmetry with 
NS fiux [3. As we will show in the next section, our coset manifolds fall into this sub-class of 
half-fiat mirror manifolds. 

2.1 Ten-dimensional A^ = 1 supergravity 

The bosonic field content of ten-dimensional A^ = 1 supergravity consists of the metric G, the 
dilaton (p, the NS-NS two-form B with associated field strength H = dB and the gauge field A 
with gauge group £"8 x E^ or 50(32) and field strength 

F = dA + A^A. (2.1) 

Much of the discussion in this paper applies to both gauge groups, however, when we need to 
be specific we will focus on the E^ x £'§ case. The bosonic part of the action governing the 
dynamics of these fields is given by 
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to first order in the string tension a' . Here Kio is the 10-dimensional Planck constant. This 
action has to be supplemented by the Bianchi identity 

dH = ^ (trR AR-trF Af) . (2.3) 

The fermionic field content consists of the gravitino, ipM, the dilatino, A and the gauginos X; all 
of them 10-dimensional Majorana-Weyl spinors. Their supersymmetry transformations take the 
form 

S^Pm = f Vm + ^nMJ e , (2.4a) 

5X=(^W4> + ^ny, (2.4b) 

6x = FMNT^'^'e , (2.4c) 

where e is a 10-dimension Majorana-Weyl spinor parametrizing supersymmetry. Further, we 
have introduced the gamma matrix contractions 7i = Hmnp^^'^^^ and T-Lm = Hmnp^^^ ■ 

Super symmetric solutions of the theory should satisfy the Killing spinor equations S'ipM = 0, 
(5A = and 5x = 0. It then follows that they satisfy the equations of motion derived from 
the action (j2.2p . provided that, in addition, the Bianchi identity (|2.3p is satisfied. We will now 
introduce the particular general class of solutions relevant for this paper. 



2.2 Domain walls and SU(3)-structures 

The "traditional" approach to finding 10-dimensional solutions to the heterotic string which 
may lead to phenomenologically interesting compactifications to four dimensions is based on 
assuming four preserved supercharges and an external four-dimensional space-time which is 
maximally symmetric. In the simplest case, that is, for vanishing H-Qux and a constant dilaton, 
this approach leads to internal Calabi-Yau manifolds times a four-dimensional Minkowski space- 
time |10] . These solutions have been the basis of much research and attempts to relate the 
heterotic string to observable physics. More generally, one can allow for non- vanishing flux 
and a varying dilaton but keep the requirement of four preserved supercharges and maximally- 
symmetric external space-time. This leads to a set of solutions, based on complex, non-Kahler 
manifolds, described by Strominger [1]. Unfortunately, not many examples of such manifolds 
are known explicitly. 

Here, we will take a somewhat different approach. We will only ask for two preserved super- 
charges and allow the four-dimensional space-time to be a domain wall, rather than a maximally 
symmetric space. The detailed implications of this approach and the structure of the solutions 
has been worked out in Ref. [2]. In particular, it was found that, in the simplest case for van- 
ishing flux and a constant dilaton, the internal space is now an SU(3) structure manifold of a 
particular kind, namely a so-called half-flat manifold. How can 10-dimensional solutions with 
two supercharges and based on a four-dimensional domain wall be phenomenologically relevant? 
As is known for some time [HIS] , compactifications of the heterotic string on half- flat manifolds 
are associated to perfectly covariant four-dimensional A^ = 1 supergravity theories. However, 
due to a non-trivial superpotential, the "vacuum state" of these four-dimensional super gravities 
is not a maximally symmetric space but a domain wall, precisely the same domain wall which 
appears in the full 10-dimensional solution. While such a domain wall state is ultimately not 
a desired ground state for our four-dimensional universe it might be argued that "lifting" it to, 
say, a Minkowski or de Sitter space, by means of additional contributions to the scalar potential, 
is no more a far-fetched scenario than the widespread practice of lifting an AdS vacua. At any 
rate, this is the philosophy behind our approach and the motivation to look at more detailed, 
phenomenologically relevant properties of such domain wall vacua. 

Let us now discuss the structure of these solutions in more details. As mentioned, we will do 
this for the simplest case of vanishing NS flux and constant dilaton, that is, 

H = , (j) = constant . (2-5) 

The metric, consisting of a six-dimensional internal space and a four-dimensional domain wall, 
has the structure 

dsjo = ri^^dx'^dx'^ + V + g^^{x'^)dx'^dx'" . (2.6) 

Here the indices a, /3, . . . range over 0,1,2 and label the world volume coordinates of the domain 
wall, while y = x^ \s the remaining direction of four-dimensional space-time transverse to the 
domain wall. The six directions labeled by indices u,v,- ■ ■ =4, ..., 9 refer to the internal, compact 
manifold, X, while indices m,n,- ■ ■ = 3, . . . , 9 label all seven directions transverse to the domain 
wall. More details on our conventions can be found in Appendix |X1 Given the absence of stress 
energy due to Eqs. ()2.5p the above metric needs to be Ricci-flat in order to solve Einstein's 
equations. This means that the seven-dimensional space transverse to the domain wall must be 
a manifold with holonomy G2 (or smaller), carrying a covariantly constant spinor rj = rj(x"^). 
The Killing spinor equations associated to the supersymmetry transformations ()2.4ap and (|2.4bp 



of the gravitino and dilatino are then satisfied for 10-dimensional spinors of the form 

e{x"') = p(g)7]{x"')^e, (2.7) 

where /? is a 2 + 1-dimensional spinor on the domain wall world volume which parameterises 
the two supersymmetries of the solution. The appearance of 9 is due to the dimensionality of 
the respective spinors and is a constant two-component spinor depending on the chirality of 
e and the choice of gamma matrices representation. Manifolds with G2 holonomy can also be 
characterised by a torsion-free G2 structure, that is, a closed and co-closed three form (p. In terms 
of the covariantly constant spinor r/, this form can be written as ifmnp = —iV^lmripV- ^^ order to 
understand the structure of the six-dimensional internal space X is it useful to decompose the 
G2 structure in the usual way as 

ip = dyAJ + n-, -kip = dy An+ + -J AJ , (2.8) 

where J and Q = Q^ + iO,- are two- and three-forms, respectively, which define an SU{3) 
structure on X with associated metric guv ■ Closure and co-closure of 99 then translates into the 

conditions 

dn_ = , J A dJ = 

dn+ = JAdyJ , dJ = dyQ^. ^ ' 

The first two of these equations tell us that the 5C/(3) structure on X has specific properties 
which are referred to as "half-flat". In terms of the classiflcation of SU{2>) structures by five 
torsion classes Wi, . . . , W5 a half-flat manifold can be characterised by 

Wi- = W2- = W4 = W5 = , (2.10) 

with the remaining classes being arbitrary. A short summary of SU{'i) structures and torsion 
classes is presented in Appendix IA.2i We note that, since Wi and W2 are generically non- 
vanishing, the almost complex structure J is not integrable, so that half-fiat manifolds are, 
in general, not complex. The last two equations (j2.9p describe how the 5C/(3) structure on X 
varies along the direction y and are known as Hitchin's fiow equations |lipi2]. To summarise the 
discussion so far, we have introduced a class of space-time background solutions to the heterotic 
string with a "dual" interpretation. From one point of view these backgrounds consist of 2 -|- 1- 
dimensional Minkowski space times a manifold with G2 holonomy. Alternatively, they can be 
viewed as a four-dimensional domain wall with transverse direction y and a six-dimensional half- 
flat manifold fibered along this transverse direction. Of course, this should only be considered a 
solution at lowest, zeroth order in a' and, as such, it does not incorporate the gauge fields which 
are the characteristic feature of the heterotic string. 

The main point of this paper is to develop this class of solutions beyond zeroth order in 
a' and include non-trivial gauge fields. For simplicity we will consider purely internal gauge 
fields Fuv on the six-dimensional half-fiat manifold X, with all other components vanishing. In 
order for those gauge fields to preserve the two supersymmetries the gaugino supersymmetry 
variation ()2.4cp has to vanish for spinors of the form (|2.7p . This implies the constraints 

O^F = 0, J^F = 0. (2.11) 

where the symbol -■ denotes contraction over two indices. In the Calabi-Yau case, the first 
equation (j2.1ip implies that ^ is a connection on a holomorphic vector bundle, while the second 
one, via the Donaldson-Uhlenbeck-Yau theorem, is equivalent to saying that this vector bundle 



is slope-stable with slope zero. For Calabi-Yau manifolds these statements provide the only 
practical way of solving the equations since neither the metric nor the connection are explicitly 
known. For half-flat manifolds we are not aware of the existence of analogous theorems. We 
will circumnavigate this problem by working with specific half-flat manifolds, to be introduced 
later, for which metric and gauge connections can be written down explicitly. For these, the two 
conditions (|2.11|) can then be checked directly. 

In addition to the above equations, we also have to satisfy the Bianchi identity ()2.3|) . Since 
the left-hand side of this equation is exact the right-hand side needs to be trivial in cohomology. 
Splitting up the gauge field strength into an observable E^ part F and a hidden Eg part F (both 
of which have to satisfy ()2.1ip ) this leads to the integrability condition 
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where the square bracket denotes the cohomology class. Satisfying this condition is necessary 
and sufficient for a solution to the Bianchi identity. Unless the right-hand side of (|2.3p cancels 
point-wise (rather than merely in cohomology) this solution will require a non-vanishing NS flux 
H at order a' . This NS flux will feed into the Killing spinor equations for gravitino and dilatino 
and generate order a' corrections to the metric and the dilaton. Here, we will not attempt to 
calculate these a' corrections explicitly but assume that our compactification is at sufficiently 
large radius for them to be small. However, we will ensure that the integrability condition ()2.12p 
is satisfied for our explicit examples. 

2.3 Half-flat mirror manifolds 

Before we move on to describe our specific examples we would like to introduce a special class 
of half-flat manifolds, so-called half-flat mirror manifolds. They have been introduced in Ref. [3] 
in order to understand type H mirror symmetry with NS flux. The relation to mirror symmetry 
implies some additional properties of these manifolds which have been derived in Ref. p] and will 
be reviewed below. These properties facilitate string compacitification and an explicit calculation 
of the effective four-dimensional theory. In Refs. [HIS] this has been used to work out the four- 
dimensional theory from compactifications of the heterotic string on half- flat mirror manifolds. 
In the present context they are relevant because the particular half-flat manifolds used in this 
paper share the specific properties of half-flat mirror manifolds, as we will show. In particular, 
this means that the general results for the four-dimensional effective theory obtained in Refs. [H[S] 
apply to compacitifications on these manifolds. 

Half-flat mirror manifolds are equipped with a set, {oj^}, of two-forms, a dual set, {a)-'}, of 
four-forms and a "symplectic" set {a^,/3 } of three- forms, satisfying the integral relations 

oj,Au^ = 5^,, /"a^AaB = 0, f ^^ A (3^ = , f a^ A (3^ = 6^ . (2.13) 

This is analogous to Calabi-Yau manifolds, however, unlike in the Calabi-Yau case not all of 
these forms are closed. Specifically, the exterior derivatives of the non-closed forms are given by 

duji = ej/3° , dao = ejW* , (2-14) 

In complete analogy with Calabi-Yau manifolds, the forms J and J7 which define the SU{3) 
structure can be expanded as 

J = v'u:^ , n = Z-^UA - Ga/3-^ ■ (2.15) 



From Eqs. (j2.14p these have non- vanishing exterior derivatives 

dJ = v'e,j3^ , dn = Z^e^Cj' , (2.16) 

an indication that these are SU{3) structure rather than SU{3) holononiy manifolds. The torsion 
classes characterising the SU{3) structure can be read of from the right-hand sides of these 
equations and comparison with Appendix IA.2I shows that they indeed satisfy the characteristic 
half- flat constraints (j2.10p . 

3 Nearly-Kahler homogeneous spaces 

In this section, we introduce the particular six-dimensional manifolds on which we would like 
to compactify heterotic string theory. Vector bundles and gauge connections on these manifolds 
will be discussed in the following section. The general class of manifolds from which we would 
like to draw are homogeneous spaces, that is, coset spaces of Lie groups. It is known [13] 
that precisely four six-dimensional spaces within this class are half-flat manifolds, namely the 
cosets 5C/(3)/C/(l)2, Sp{2)/SU{2) x C/(l), G2/SU{3) and SU{2) x SU{2). We will indeed see 
that the torsion classes of these manifolds satisfy the half-flat constraints (|2.1U|) and are, in 
fact, somewhat more special in a way that is referred to as "nearly Kahler". In addition, we 
will also systematically construct an explicit set of forms on these manifolds which satisfy the 
relations ()2.14p for half- flat mirror manifolds. This has been first exposed by House and Palti 
for the SU{3)/U{1)'^ case [H]. To set the scene, we begin by reviewing some well-known facts 
on coset spaces [T5H2T] and SU{3) structures on such spaces. This formalism is then applied to 
the above near-Kahler coset spaces, mainly following the results of Ref. [6l[7]- Since the space 
SU{2) X SU{2) is less suited for bundle constructions it will not be discussed explicitly and we 
will focus on the first three examples. 

3.1 Coset space formalism 

In the following we collect some of the required results for coset spaces 1 1 51420 j . mainly to 
introduce the relevant notation and conventions. Let G be a Lie-group and H a sub Lie-group 
of G. The coset space G/H is defined as the set of left cosets which arise from the equivalence 
relation 

g^g'^ g-^g' € H . (3.1) 

This means two elements, g and g' of G are considered to be equivalent if they can be related 
by right multiplication with some element of the subgroup H. A useful way to think about the 
group G in this context, which we will make use of later, is as a principal bundle G{G/H,H) 
with base space G/H and fibers given by the orbits of H. The Lie-algebra G of G can be written 
as a direct sum 

G = H©]K, (3.2) 

where H is the Lie-algebra of the sub-group H and K is the remainder, which corresponds to 
the coset. In the following, we will adopt the following conventions 

Ta G G, HieM, KaeK (3.3) 

to denote Lie algebra basis elements in those various parts. Here, indices A,B,G, . . . run over 
the whole Lie algebra G, while a,b,c, . . . denote coset indices and i,j, k,l, . . . label directions in 
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H. Our conventions are summarized in Appendix [Xl The structure constants, Jab ^ are split 
up into different types accordingly. Coordinates relative to the basis {Ka,Hi} are denoted as 

For reasons which will become apparent in Section H] we also require the Lie Algebra G to 
decomposes reductively, that is, we can choose a basis such that the structure constants satisfy 

f^J=0 4" = 0. (3.4) 

It turns out that this can indeed be achieved for all our explicit examples. For such a reductive 
decomposition, the non-vanishing commutation relations take the form 

[H„Ka] = fjK,, (3.5) 

[Hi,Hj] = f-j Hk . 

In practice, the relevant geometrical information about the coset is contained in the structure 
constants. For our three examples they are explicitly given in Appendix [Bj 

In order to get an explicit description of the coset space one can choose one representative 
for each coset. Using the exponential map, such a representative can be written as 

L{x) = expix^Ka) . (3.6) 

In more mathematical language, L can be viewed as a section of the principal bundle G{G/H, H). 
A non-singular set of one-forms on G/H can be obtained following a procedure analogous to the 
one leading to left-invariant one-forms on G. First, define the Lie-algebra valued one-form 

V = L^^dL , (3.7) 

where d is the exterior derivative on G/H. Then expand V in terms of the chosen Lie-algebra 
basis as 

V = e^Ka + e'Hi (3.8) 

with one- form "coefficients" e° and e*. It can be shown that the one- forms e'^, in the directions 
of the coset generators Ka, are indeed non-singular, that is, they form a basis of the co-tangent 
space on G/H and can be used as a vielbein. The algebra of their exterior derivatives follows 
from the Maurer-Cartan structure equations on G. Using the commutation relations (|3.5p one 
obtains 

de- = -i/,^-e^Ae^-/,,VAe^ (3.9) 

de^ = -^f^^^e'^Ae'-^f^.'e^As'. (3.10) 

While the forms e" are left-invariant when viewed as forms on the group G this is no longer 
the case when they descend to the coset G/H. For the subsequent discussion we will need to 
know the G-transformations of the e'* explicitly, so we briefly discuss their derivation |15H18j . 
Suppose the left-action of an element g £ G on G/H maps a coset represented by L{x) into a 
coset represented by L{x'). Then we can write 

gL{x) = L{x')h , (3.11) 



where the "gauge transformation" with h £ H on the right-hand side accounts for the fact 
that the group action, while leading to an element in the coset represented by L{x'), does not 
necessarily give the chosen representative L{x'). Using the definition ()3.7p of the Lie- algebra 
valued one-form V this transformation law translates to 

V{x') = hV{x)h^^ + hdh~^. (3.12) 

From the coset point of view, the second term does not change the equivalence class of V and 
can be discarded. Consequently, the basis forms e" transform in the adjoint representation D of 
H as 

e«(x') = DC{h-^)e\x) . (3.13) 

For an infinitesimal G-action g = \ + (-^Ta, the associated gauge transformation h in Eq. (j3.11|) 
can be written as /i = 1 — e Wa'Hi, with "compensator" functions Wa' ■ Expanding the expo- 
nentials in Eq. (j3.1ip , these functions can be calculated order by order but their explicit form will 
not be needed in the present context. Inserting into Eq. ()3.13p the infinitesimal transformation 
of the vielbein becomes 

e'^{x')-e%x) = e^W/f^'^e\x). (3.14) 

This transformation law will be crucial in a moment when we establish what it means for an 
SU{2>) structure on a coset space G/H to be G-invariant. 

3.2 G-invariant structures 

As discussed earlier, an SU{2>) structure is given by a two-form J and a three-form Q. which are 
subject to the conditions (|A.4p . Associated to such an SU{2>) structure is a metric g which can 
be computed from J and O. On a coset space G/H these tensors can be expanded in terms of 
the vielbein forms e" as 

J = i^^Jabe'' ^e^ , = -O^fec e" A e* A eS g = gab e" Cd e\ (3.15) 

The construction of 5C/(3) structures on coset spaces G/H adopted in this paper is based on two 
additional assumptions. First, we assume that the coefficients. Jab, ^abc 3.nd gab in the above 
expressions are constant, rather than more general functions on the coset space. Secondly, we 
require that J, i} and g are invariant under G actions on the coset. In order to work out the 
implications of this second assumptions we need to transform the expansions ()3.15p using the 
transformation law (j3.14p of the vielbein forms. When applied, for example, to the metric this 
leads to 

gab e"(x') ® e\x') = gab e''{x) <S> e\x) + gab e^W^ [f,^e^ ® e'' + fd'e" ® e") . (3.16) 

Then, G-invariance requires the second term of the right hand side to vanish. Hence, the 
coefficients gab of a G-invariant metric are constrained by 

/,(/56)c = 0. (3.17) 

The same steps can be repeated for J and Vi which turn out to be G-invariant if their components 
satisfy 

V^% = 0' /.[>bc]d = 0. (3.18) 
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To summarise, a G-invariant SU{3) structure with constant coefficients on G/H is given by 
forms J and Q as in Eq. ()3.15p witli tlieir coefficients satisfying the constraints ()3.18p . 

Of course, it is not clear that ah SU{3) structures or even all half-flat SU{3) structures on 
G/H are G-invariant and have constant coefficient expansions in terms of the forms e". So we 
should keep in mind that the moduli space of such structures might be larger than we will derive 
below. An exploration of this full moduli space is beyond the scope of the present paper. The 
important fact, for the purpose of this paper, is that the two additional assumptions greatly 
simplify the technical problems and do allow for half-flat SU{3) structures on the relevant coset 
spaces. This means that, within the context of the domain wall solutions discussed earlier, we 
can indeed consider compactifying the heterotic string on these spaces. 

3.3 Specific coset spaces 

We will now apply the formalism outlined previously to our three examples SU{3)/U{1)'^ , 
Sp{2)/SU{2) X f/(l) and G2/SU{3), largely following the discussion in Ref. [QE]. In practice, 
this means finding families of G-invariant SU{3) structures which satisfy the half-flat conditions 
required for our heterotic compactifications. To avoid cluttering the main text, the relevant 
group-theoretical information, such as generators and structure constants, has been collected in 
Appendix IB.li We will also demonstrate the existence of sets of forms on these cosets which 
satisfy the characteristic relations ()2.14p of half-flat mirror manifolds. Prom hereon, our conven- 
tion is to have coset indices a, 6, c, . . . run over values 1, . . . , 6. Indices i,j, k, . . . , which label the 
generators of the sub-group H, range from 7, . . . , dim(G). 

3.3.1 SU{3)/U{iy 

For the SU{3) generators Ta we choose the usual Gell-Mann matrices, however, relabeled in such 
a way that the coset generators, corresponding to the non-diagonal Gell-Mann matrices, carry 
indices from 1 to 6. The resulting generators and structure constants are given in appendix lB.il 
Solving Eq. (j3.17p shows that the most general S'C/(3)-invariant metric takes the form 

ds^ = Rl (e^ e^ + e^ ® e^) + RI (e^ ® e^ + e^ ® e^) + RI (e^ ® e' + e^ ® e^), (3.19) 

where i?i, R2 and -R3 are arbitrary real parameters representing the moduli. 

Moreover, solving the Eqs. ()3.18p one finds that the space of G-invariant two- and three-forms 
is spanned by 

e^\ 6^4, e'\ el36 _ gl45 + g235 + g246 ^ glSS + ^146 _ ^236 + ^245 ^ (g^Q) 

Possible G-invariant structures (J, i7) are linear combinations of these forms which are further 
restricted by having to satisfy the compatibility conditions ()A.4p for SU{3) structures. This lead 
to the most general solution 

J = Rl e^^ - Rl e'^ + Rl e'' (3.21) 

fi = i?ii22i?3[(el'*'-el^5 + e235 + e246)+i(el35 + el46_g236^g245)] (322) 

By computing the metrics associated to this family of SU{3) structures one can verify that the 
moduli Rl, R2 and R-^ are indeed identical to the ones appearing in ()3.19p . 
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We can now introduce the following linear combinations of G-invariant two-, three- and 
four-forms. 

^1 = - (^ (e^2 + i e^'^ - i e^^) '^^ = ^ (2 «'"'' + e'''' - e'''') (3.23) 

-2 = -^ (e^^ + e^^) 0^ = -^ (e^23^ + e^^^^) (3.24) 

C.3 = ^ (e^2 - e^^ + e'') ^' = ^^ i^'"'' " ^'"'' + «'''') (3-25) 

ao = M (el36 _ gl45 ^ ^235 ^ ^246) /^^ = -i- (e^^S + gl46 _ ^236 ^ ^245) (g^g) 
■^ J/ I ZTT ) 

where V is the volume of the coset space defined by 

V= I 6^23456 , (3.27) 

Jx 

Introducing the volume factors in the above definitions ensures that these forms satisfy the stan- 
dard integral normalisations (|2.13|) . Moreover, using the Maurer-Cartan relation (|3.9|) together 
with the explicit structure constants, it can be verified that they satisfy the defining differential 
relations (|2.14|) for half-flat mirror manifolds with intrinsic torsion parameters given by 

ei = , 62 = , 63 = 1 . (3.28) 

The SU{3) structure forms J and il in Eqs. (|3.2ip and (|3.22|) can also be expanded in terms of 
this new basis. This leads to expressions which conform to the general ones (|2.15p for half-flat 
mirror manifolds. Altogether, this shows that 5C/(3)/C/(l)^ can be given the structure of a 
half- flat mirror manifold. 

In particular, from the general discussion in Section [2^31 this means that the SU{3) structures 
defined above are half- flat. Explicitly, the torsion classes are given by [7], 

0KIK2K3 
W+ = ^^^-^^[Rl{2Rl-Rl-Rl)e^^-Rl{2Rl-Rl-Rl)e'^ 

+Rl {2Rl -Rl- Rl) e^^] (3.30) 

It will be relevant to note that on the locus in moduli space where the three radii are equal, 
Rl = R2 = R3 = R, the torsion classes reduce to 

^1+ = ^, 1^2+ = 0. (3.31) 

This shows that the SU{3) structure is nearly-Kahler at this particular locus. 

Writing J in (j3.2ip in terms of the above two-forms Wj and comparing with Eq. (j2.15p we can 
read off expressions for "Kahler" moduli v*, defined in the context of half-flat mirror manifolds. 
In terms of the radii Ri , they are given by 

v^ = -^{Rl + Rl - 2Rl) , v^=A7, [Rl - rI) , v^ = tt [RJ + rI + R^) . (3.32) 

12 



Note that the forms wi and UJ2 are closed and, hence, define cohomology classes, while uj-j, is not 
closed. We, therefore, expect two massless modes, v"^ and v^, and one massive one, v^ . This 
expectation is confirmed by looking at the superpotential for half-flat mirror compactifications [1] 
which is given by 

W = e^T , where Re{T) = v' . (3.33) 

In view of the torsion parameters ()3.28|) this means 

W = T^ , (3.34) 

so that T^ and T^ are indeed massless. Also note, the existence of only two G-invariant three- 
forms, ao) f^^ means that the analogues of complex structure moduli are not present in this 
particular model. 

3.3.2 Sp{2)/SU{2) X f/(l) 

In order to obtain a half-flat space, this coset is defined by taking the non-maximal embedding 
of SU{2) into 5*^(2). Group-theoretical details, in particular generators and structure constants, 
are again given in Appendix IB. 2[ We proceed in the same way as in the previous case. Solving 
Eq. (|3.17|) the most general 5p(2)-invariant metric turns out to be 

ds"^ = Rl (e^ <8) e^ + e^ «) e^) + RI (e^ (g) e^ + e^ ® e^) + R\ (e^ ® e^ + e^ (g) e^) , (3.35) 

with moduli Ri and i?2- A basis of S'p(2)-invariant two- and three- forms can be found from 
Eq. (j3.18p and is given by 

el2 + e56^ g34^ el35 + el46 _ e236 + e245 ^ el36 _ el45 + e235 + g246 ^ (3 3g) 

The most general linear combinations of these forms, defining an S'p(2)-invariant 5C/(3) structure 
are 

J = Rle^^-Rle'^ + Rle'\ (3.37) 

n = RlR2 ((el36 _ ^145 ^ ^235 ^ ^246) ^ j (^135 ^ ^146 _ ^236 ^ ^245)) _ (3 33) 

As before, we can find a basis of 5p(2)-invariant forms which satisfies the defining properties of 
half-flat mirror manifolds, as outlined in Section [2.31 It turns out, the correct choice is 

^ /„12 , r,„34 I „56\ ,~.l (2^) 

LOl — — 



OJ2 



ao 



(27r) y • ' ' 6V 

1 /„12 „34 I „56\ -2 (2^) 



i2 + 2e34 + e56) 


0)1 


el2_e34^g56) 


a;2 


136 _ gl45 ^ g235 ^ ^246) 


/3° 



3(27r) ^ ' ' V 

(27r) .135 145 235 , „246\ oO ^ 



4V ^ , , ^ ^ ^27r) 



gl234 ^ 2el256 + ^3456) 


(3.39) 


gl234 _ gl256 ^ ^3456) 


(3.40) 


el35 + gl46 _ g236 ^ g245) ^ 


(3.41) 



with the volume V of the coset space defined as in Eq. (|3.27|) . These forms indeed satisfy the 
relevant relations ()2.14p for half-flat mirror manifolds provided the torsion parameters are set to 

ei = , 62 = 1 . (3.42) 
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The torsion classes are given by [7|, 



2 (2i?f + Rj) 
3R^R2 



W^ = \p2p ' > (3-43) 



^2+ = ^ [i?? (i?? - i?i) e'' + 2Rl {Rl - Rl) e'^ + RI {RJ - R^) e''] . (3.44) 
When the two radii are equal, Ri = R2 = R, they simplify to 

^i^ = |> W^ = 0, (3.45) 

which correspdonds to a nearly-Kahler SU{3) structure, as before. Expanding J in Eq. ()3.37p 
in terms of the forms Wj, we obtain the Kahler moduli fields, 

v^ = M ^Rl _ Rl) , ^2 ^ (2vr) (2i?? + Rl) . (3.46) 

The form ui is closed while W2 is not, so we expect v^ to be massless and v"^ to be heavy. From 
the torsion parameters ()3.42p the superpotential ()3.33p is given hy W = T'^ which confirms this 
expectation. As before, there are no "complex structure moduli" for this coset space. 

3.3.3 G2/SU{'i) 

Details of the group theory are explicitly given in appendix IB. 31 Following the same procedure 
as in the previous two cases, the most general G2 invariant metric turns out to be 

ds^ = R^ (e^ ® e^ + e^ (g) e^ + e^ (g) e^ + e"^ (g) e*^ + e^ (g) e^ + e*^ (g) e^), (3.47) 

where R is the only modulus. The G2 invariant 5[/(3)-structure forms are given by 

^ = R^ ((el36 + gl45 _ g235 ^ ^246) + j (^135 _ ^146 + ^236 ^ ^245)) _ (3 49) 

The basis 

--Vfi^<-''^ + '" + '") ...^(.-+.--e-) ,3.50) 

a„ = M (e"« + ei« - e='= + e=«) ,9» = -i- (e'» - e"« + e^^ + e=«) , (3.51) 

4V (2vr) 

satisfies the half-flat mirror condition (j2.3p with the intrinsic torsion parameter given by 

ei = 1. (3.52) 

The only non- vanishing torsion class is [7], 

The single Kahler modulus 

v^ = 2\/3(27r) R^, (3.54) 

is a heavy mode since oj^ is not closed or, equivalently, since the superpotential is given by 
W = T^. Once more, there are no complex structure moduli. 
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4 Vector bundles 

So far, we have set the scene by presenting the gravitational sector of certain non-Calabi-Yau 
heterotic compactifications. We now come to the main point of the paper which is the con- 
struction of gauge fields associated to these compacifications. To date, gauge fields in heterotic 
non-Calabi-Yau compactifications have been mainly addressed in a generic way, without provid- 
ing explicit bundles and connections. Obviously, this restricts phenomenological applications of 
non-Calabi-Yau models considerably. One reason for this is the lack of suitable example man- 
ifolds on which to construct gauge bundles. In the case of non-Calabi-Yau manifolds without 
an integral complex structure, the case considered in this paper, an added complication is that 
powerful tools from algebraic geometry which are essential in Calabi-Yau model building cannot 
be directly applied. (An interesting new class of examples where one may be able to circumnavi- 
gate this problem has been found in Ref. |22[|23| .) In the present paper, we focus on a small class 
of half- flat coset manifolds suitable for heterotic compactifications, which have the advantage of 
allowing for an explicit computation of most relevant gauge field quantities. Discussion about 
SU(3)-equivariant pseudo-holomorphic bundles over S'C/(3)/C/(l)^ can also be found in |24j . 

In this section, the basic mathematical methods for constructing bundles and connections on 
coset spaces and evaluating their properties will be explained. In particular, we will concentrate 
on how to construct line bundles on coset spaces. These can be used as building blocks to 
construct the higher rank bundles which are typically of interest in heterotic compactifications. 
We will also show how the index of bundles - giving the number of chiral families in the low- 
energy theory - can be computed from the Atiyah-Singer index theorem. In the next section, 
these general constructions will be applied to our particular coset examples. As we will see, 
explicit gauge connections and their associated field strengths for the relevant bundles can be 
written down for these spaces. It is this feature, facilitated by the group structure of the 
manifolds, which allows us to check all relevant properties required for heterotic vacua. 

4.1 Associated vector bundles and line bundles 

We have mentioned before that the group G can also be viewed as a principle bundle G = 
G{G/H, H) over the coset space X = G/ H. This observation is the starting point for construct- 
ing vector bundles V over G/H. It is well-known, that for each representation p oi H on a. 
vector space -F, there is a vector bundle V = V{G/H, F) over G/F, with typical fiber F, which 
is associated to the principle bundle G. More explicitly, this vector bundle can be constructed 
as follows. We start with the trivial vector bundle G x F over G, where the group H acts on 
the fiber F via the representation p. On this vector bundle, we can introduce the equivalence 
relation 

{g,0-i9-h,p{h-')0. (4.1) 

The vector bundle Vp over the coset G/H is then defined as the set of equivalence classes under 
this relation. Hence, for every representation p of H we have a corresponding vector bundle Vp 
over the coset G/H which is associated to the principle bundle G. A particularly useful fact for 
our purposes is that a connection on the principal bundle uniquely induces a connection on every 
associated vector bundle. This leaves us with finding a connection on G{G/H, H) and in the 
spirit of chapter Owe require this connection to be G-invariant. Fortunately, it is known |25j that 
the G-invariant connections of the principal bundle G{G/H, H) are in one-to-one correspondence 
with reductive decompositions of G and are explicitly given by 

A = e'Hi . (4.2) 
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We recall, that the Hi are a basis of the Lie-algebra of H and the one-forms e* on the coset have 
been defined in Eq. ()3.8p . The induced connection, ^(p), on the associated vector bundle Vp is 
then given by 

^(,) = e'p{H,) . (4.3) 

The curvature F = dA + A f\ A oi this connection Qj can be computed from the Maurer-Cartan 
structure equations ()3.9p . This leads to 

F = -\fJp{H,)e'^^e'. (4.4) 

Note this curvature is independent of e* and can be expressed solely in terms of the vielbein forms 
e" as a direct consequence of reductiveness, that is, of the structure constants satisfying ()3.4p . 
This fact is of considerable practical importance since it means that all subsequent calculations 
can be performed "algebraically", merely based on the knowledge of structure constants. 

We would like to mention two specific types of associated vector bundles which will be relevant 
for the subsequent discussion. The first is obtained by choosing the representation 

p{H,\ - = U^ , (4.5) 

that is, p is induced by the adjoint representation of G. The corresponding bundle is the tangent 
bundle of G/H and the gauge field defined by the above choice of representation provides a 
connection with torsion on this bundle. 

The second type arises for one-dimensional representations p of H. Applying the above 
formalism to such representations leads to line bundles and connections on them. One choice 
which is always possible is of course the trivial representation of H. However, in this case the 
associated line bundle is simply the trivial line bundle Ox- Fortunately, for two of our examples, 
the corresponding sub-groups H allow for non-trivial one-dimensional representations so that we 
can generate more interesting line bundles, L. Since we know the curvature form of these line 
bundles it is possible to explicitly work out their first Chern class 

ci(L) = ^[F]=/a;,. (4.6) 

Here the square bracket denotes the cohomology class in H'^{X). The last part of the equation 
is a linear combination of a suitable basis, {w^}, of H'^{X), to be determined explicitly for 
our examples, with integer coefficients p^. The line bundle L is uniquely characterised by its 
first Chern class or, equivalently, by the integer vector p = {p'^), and will also be denoted as 
L = Ox{p)- These line bundles will be used as building blocks for higher-rank bundles. In 
particular, we will consider sums of n line bundles 

n 

y = 0L, where ^ = Ox{p^) ■ (4.7) 

For such line bundle sums we require a vanishing total first Chern class, ci{V) = 0, which means 
the integers p[ must satisfy 



n 



(4.8) 

i=l 



^For simplicity of notation wc will drop the index p from hereon. 
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for all r. This guarantees that the structure group of V is contained in ^(^^(l)"). For 1 < n < 8 
this allows for an embedding into one of the Eg factor of the gauge group via the sub-group chain 
S{U{1)'^) C SU{n) C Eg. The low-energy gauge group in this £^8 sector is the commutant of 
the bundle structure group within E^, as usual. For S{U{1)'^) with n = 3, 4, 5 this commutant is 
given by S{U{lf) x E^, 5(C/(1)^) x 50(10) and S{U{lf) x SU{5), respectively, and, therefore, 
contains phenomenologically interesting GUT groups as its non-Abelian part. 

For consistent heterotic vacua the gauge bundle needs to satisfy further requirements. First 
of all, we need to satisfy the supersymmetry conditions ()2.1ip . Since we know the gauge field 
strengths F on our bundles, as well as the SU{3) structure forms (J, il) these conditions can be 
checked explicitly and this is what we will do for our examples. It will turn out that both the 
connection ()4.5p as well as line bundle sums can satisfy the supersymmetry conditions. 

In addition, we need to satisfy the integrability condition ()2.12p for the Bianchi identity and 
we now turn to a discussion of this task. 

4.2 Bianchi identity 

We recall from Eq. ()2.12p that the integrability condition for the Bianchi identity reads 



[iiR AR] = [irF A F] + 



trFAF 



where the square bracket indicates cohomology classes in H'^{X). Here, R is the curvature tensor 
of the coset space X and F, F are the field strengths in the two Eg sectors, corresponding to 
observable and hidden bundles V and V. In terms of characteristic classes this can be written 
as 

Pi{TX) = 2(di2{V) + ch2{V)'^ . (4.9) 

In practice, we will write those classes as a linear combination of a basis, {w'^} of i:f^(X), dual 
to our earlier bases, {ur} of the second cohomology. The relation between those two basis sets 
can be written as 

where the drst are the analogous to triple intersection numbers. The numbers d^-st will be 
explicitly determined for our examples. 

Both, for the computation of the intersection numbers and the left-hand side of the anomaly 
condition (j4.9p . we require the curvature tensor of the the coset space. The Levi-Civita connec- 
tion one-form, 00""^^, associated to the vielbein e" on the coset space is determined by the standard 
relations de° -|- w"^ A e** = and uiab = —^ha- For reductive homogeneous spaces it is given by [17] 

If a_l 
2Jcb 2 



',,-e' = D^Ce' + hb^e' where D^,- = -/,," - -(9'^™/,^"<?„6 + <7'^™A^"5cn) , (4.11) 



which leads to the curvature two-form i?"^ = 2^°'bcd^'^ ^ ^'^ with 

-^ bed = ~fcd fib ~ fed ^mb + ^em ^db ~ ^dm ^eb ■ (4-12) 

From this result, we can work out the first Pontryagin class for our examples and write it as 
pi{TX) = pir{TX)u>'^ in terms of our basis for the fourth cohomology. The crucial input for the 
computation of the intersection numbers is the volume ()3.27p of the coset space. This can be 
obtained by using the generalized Gauss-Bonnet theorem [17J 

xiX) = f 7(rX) , (4.13) 

Jx 
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where x is the Euler characteristic and 7 the Euler form of X. The latter can be expressed in 
terms of the Riemann curvature tensor and in six dimensions it is given by 

l{TM) = ^3^^^ E ^"'-"'Ra^a, A ... A Ra,a, = \e^ A ... A e^ . (4.14) 

Here the last equality defines the quantity vi. In practice, we work out v by inserting the above 
result for the curvature tensor and by re-writing the resulting expression as a constant times 
e^ A . . . A e^. The volume is then given by 

V = vx- (4.15) 



Which choice of gauge bundle should we make in order to satisfy the anomaly condition 
for a given manifold, that is, a given first Pontryagin class on the left-hand side? One obvious 
attempt would be to set the "observable" gauge field F equal to the above curvature, while choos- 
ing the hidden curvature to be trivial. This would obviously satisfy the Bianchi identity ()2.3p . 
not just in cohomology, but point-wise on the coset space for a vanishing three-form H. This 
choice is the analogue of the "standard embedding" traditionally used in heterotic Calabi-Yau 
compactifications. In the present context, the problem with this choice is that, for our coset 
spaces, the curvature (|4.12p does not satisfy the supersymmetry conditions ()2.1ip required for 
the gauge fields. Hence, we cannot choose a standard embedding in the conventional sense. 

However, a related choice, somewhat reminiscent of the standard embedding, is possible. We 
can choose the observable gauge field specified by (|4.5p on the tangent bundle while the hidden 
gauge field is trivial. This will satisfy the anomaly condition (|4.9p since both, (|4.1ip and (|4.5p . 
provide connections on the same bundle and will, hence, result in the same topological charac- 
teristics. Also, as we have mentioned earlier, the gauge field connection defined by (|4.5p can 
indeed satisfy the supersymmetry conditions ()2.1ip for our coset spaces, as we will show. Hence, 
this choice leads to a consistent and supersymmetric vacuum. However, since the curvature 
forms ()4.4p . ()4.5p and ()4.12p are not the same (in fact, the former is equal to the first term in 
the latter) the right-hand side of the Bianchi identity does not vanish point-wise and a non-zero 
i?- field will be required at order a' . For this reason it might not be appropriate to refer to this 
choice as "standard embedding" . 

However, we would like to work with more general gauge fields, rather than special choices 
resembling the standard embedding. Our focus will be on the simplest such class with Abelian 
structure groups. This means that the associated vector bundles are sums of line bundles as in 
Eq. ()4.7p . More precisely, we will allow for both an observable bundle V and a hidden bundle V 
of this kind, that is, 

n m 

y = 0Ox(pO, V = ^Ox{v^). (4.16) 

We demand vanishing first Chern classes, ci{V) = ci{V) = 0, to allow for an embedding into 
the two Es, factors. This translates into 



Y.^ 



^P' = (4.17) 



i=i j=i 

for all r. Using additivity of the Chern character and the fact that ch2{L) = ci(L)^/2 for a line 
bundle L, together with Eq. (j4.1Up . we find for the second Chern character ch2(y) = ch2r(V^)^'' 
that 

1 " 

ch2riV) = -drst^ptpU (4.18) 
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and analogously for V. With this result, the anomaly condition (j4.9p can be written as 

(n m \ 

Y.PtP\ + E^M = P^r{TX) . (4.19) 

4.3 Index Formula 

One of the most basic topological invariants of bundles is the index which gives the chiral 
asymmetry of zero modes of the Dirac operator and, hence, the net number of families in the 
four-dimensional theory. The index can be computed from the Atiyah-Singer index theorem [26] 
which involves the A-roof genus 

Mx) = l-Y^Pi{TX) + ... . (4.20) 

of the manifold X. For a bundle C/ on a six-dimensional manifold X the index theorem then 
takes the form 



ind(C/) = - / A{X) A ch(;7) = - / 
Jx Jx 



cMU) - ^pi{TX)cMU) 



(4.21) 



For a line bundle, L, we have ch3(L) = ci(L)^/6, where ci(L) = Ci{L)ujr is the first Chern class 
of L. Inserting this, together with the definition ()4.10p of the intersection numbers, into the 
index formula ()4.2ip leads to 

ind(L) = -^drstcliL)cl{L)c\{L) + ^pi,(rX)cl(L) . (4.22) 

In this paper, we mainly consider sums of line bundles V = ©"=1 Li, where Li = OxiPi), with 
vanishing first Chern class, ci{V) = 0. For such bundles the above formula simplifies to 

1 " 

ind{V) = --drstY^plfM . (4.23) 

Hence, we only need to know the intersection numbers drst of the manifold X, together with the 
integers, p^ characterizing the line bundles in order to work out the index. We will also consider 
some non-Abelian bundles, V with vanishing first Chern class. In this case, it is convenient to 
express the index ()4.2ip in terms of the curvature, F, of V. This leads to 

ind(y) = ^^ ^ tr (F A F A F) . (4.24) 

5 Bundles on coset spaces 

We would now like to apply the above bundle constructions to the three coset spaces introduced 
earlier. Wherever possible, our focus will be on line bundle sums, although we will discuss some 
specific non-Abelian bundles as well. 
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5.1 SU{3)/U{1)^ 

Let us first specify some of the required coset properties for this case. The SU{3) generators 
{r^} = {Ka,Hi} are split into the six coset generators, Ka, a = 1, ... ,6, given by the non- 
diagonal Gell-Mann matrices and the two generators Hi, i = 7,8 of the sub-group C/(l)^, given 
by the two diagonal Gell-Mann matrices. The explicit matrices and the associated structure 
constants are presented in Appendix IB.li The second Betti number of this coset space is two, 
so we have two basis forms {cOr} and {^I''^}, where r = 1,2, each for the second and fourth 
cohomology, respectively. They are explicitly given by the forms in Eqs. ()3.23p . (|3.24p introduced 
earlier. From Eq. (j4.15|) one can work out the volume (|3.27p of the coset which is given by 

V = 4(27r)3 . (5.1) 

This results in the following intersection numbers. 

dm = 6 , dii2 = 3 , di22 = 1 , (^222 = . (5.2) 

For the first Pontryagin class of the tangent bundle we find 

Pi{TX) = 0. (5.3) 

Let us first discuss possible non-Abelian bundles. Using the explicit structure constants 
from Appendix IB. II we can verify that the Levi-Civita curvature (|4.12p does not satisfy the 
supersymmetry equations ()2.1ip and, hence, cannot be used as a gauge curvature. Let us 
consider the supersymmetry conditions for associated bundles, specified by representations, p, 
of the sub-group H as introduced in Section 14.11 First, it can be checked that the constraint 
il -1 F = is always trivially satisfied. The constraint J ^ F = implies explicitly that 

r'Upm = (^ - -L _ 1") p(^Hr) +(:§-:§] p{H,) = o . (5.4) 

In general, the two representation matrices are linearly independent, so we have two constraints 
on the moduli which are solved by 

Rl = Rl = Rl = R^ . (5.5) 

Hence, all associated bundles are supersymmetric on the nearly-Kahler locus of the moduli space. 
In particular, this applies to the connection ()4.5p . However, from Eq. ()4.24p . its index vanishes 
as one would expect for an associated vector bundle which corresponds to a real representation 
of the group H. Hence, it is not of particular interest from a physics point of view. 

Associated bundles which correspond to irreducible representations of the sub-group H can 
be viewed as "building blocks" for general associated bundles. In the present case, the sub- 
group H = U{\)'^ is Abelian so that all irreducible representations are one-dimensional and, 
hence, lead to line bundles. We characterize an irreducible representation p by a pair, (p, q) of 
integer charges and, more specifically, define the representation by 

p{Hj) = -i{p + q/2) , piHs) = -iq/{2V3), (5.6) 

From Eq. ()4.4p this means the associated curvature form is given by 

F 

-— = -ipuji - iquJ2 , (5.7) 

zvr 
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and the first Chern class of tlie associated line bundle, L is ci(L) = puji + quJ2- From our earlier 
discussion this means L should be identified with Ox{p,q)- Taking the observable and hidden 
bundles, V and V, as sums of line bundles with vanishing first Chern class we can, therefore 
write 

V = ^Ox{p^,qi), V = ^Ox{pj,qj), (5.8) 

i 3 

where 

n n 

5;k = 5^'?,=0, (5.9) 

* i 

and similarly for pi and qi. Hence, each such sum of n line bundles is determined by the 2n 
integers p,, qi, subject to the constraints (j5.9|) . For the second Chern character, relative to the 
basis {cu"'^,w^}, we find from Eqs. ()4.18p and ()5.2p 



ch2(y) = f ^(3p2 + ig2 + :ip,q^),Y,{Piq^ + \pi)\ , (5.10) 

and similarly for V . Analogously, Eqs. ()4.23p and ()5.2p lead to the expression 

-ind{V) = -Y,(M + ]^pMqi + ^Pi)\ ■ (5.11) 

for the index of V . Again, the supersymmetry equations (j2.1ip can be solved by the constraint, 

rI = rI = rI = R^ . (5.12) 

From the above result for the second Chern character (remembering that the first Pontryagin 
class for this coset vanishes) the two components of the anomaly cancelation condition (|4.9p can 
be written as 

5^(3p? + \q^i + 3p^q^) + Y.{3p] + ^q] + 3p,g,) = , (5.13) 

i J 

Y^^Piqr + ^Pi) + Y^^Pjqj + 2^i) = • (5-14) 

We have now collected all results required for basic model building on this coset. The problem 
is to choose observable bundles, V, with vkiV) = 3,4,5 specified by integers pi, qi and corre- 
sponding hidden bundles, V, with ikiV) = 2, ... ,8 specified by integers pj, qj subject to the 
following constraints. 

• The first Chern classes of V and V vanish, that is, Eqs. ()5.9p are satisfied. 

• The anomaly conditions (j5.13p and (|5.14p are satisfied. 

• The index ()5.1ip of the observable bundle V equals three to obtain a GUT model with 
three net families. 

It is clear that there are many possible solutions to these constraints and a systematic study of 
all model building options will be presented in a forthcoming publication [57]. Here, we merely 
present a number of examples given in Table 15.11 
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rank n 


Pi 


qi 


# generations 


Pi 


9* 


3 


(-1,-1,2) 


(0,3,-3) 


3 


(0) 


(0) 


3 


(-2,0,2) 


(1,1,-2) 


3 


(2,1,-1,-1,-1) 


(-4,-3,3,2,2) 


3 


(-2,-1,3) 


(1,2,-3) 


3 


(2,1,0,-1,-2) 


(-4,-3,-1,4,4) 


4 


(-2,-1,1,2) 


(1,2,-1,-2) 


3 


(1,1,1,-1,-2) 


(-1,-3,-3,3,4) 


4 


(-2,0,1,1) 


(1,2,-2,-1) 


3 


(1,1,1,-1,-2) 


(-2,-2,-2,2,4) 


4 


(-1,0,0,1) 


(-1,1,1,-1) 


3 


(2,1,1,-2,-2) 


(-3,-1,-3,4,3) 


5 


(-1,0,0,0,1) 


(-1,1,1,1,-2) 


3 


(-3,-1,1,1,2) 


(4,3,-2,-1,-4) 


5 


(-2,0,0,0,2) 


(1,-2,1,2,-2) 


3 


(2,2,0,-2,-2) 


(-3,-4,-1,4,4) 


5 


(-1,-1,-1,1,2) 


(-1,2,2,-1,-2) 


3 


(1,1,1,-1,-2) 


(-1,-2,-3,2,4) 



Table 1: Sample of three generations models with base space SU{3)/U{1)'^ . Observable and 
hidden bundles are specified by the integers {pi,qi) and {pi,qi), respectively, as in Eq. ()5.8p . 
The rank of the hidden bundle has been taken to be five in all the cases but solutions with 
different ranks exist. 



We have seen earlier that the torsion connection ()4.5p on the tangent bundle, while super- 
symmetric, has a vanishing index since it is associated to a real representation. It was, therefore, 
not suitable as a "standard embedding". A related, complex representation can be defined by 
considering H as a sub-group of SU{3) and by choosing the representation p which is induced 
by the fundamental representation of SU{3). This means setting 



p(Hr) = VsXs , piHs) = VSX-S 



(5.15) 



The associated bundle for this representation has rank three and is, in fact, a sum of three line 
bundles. It turns out that it corresponds to the example in the first row of Table 15. 1[ For this 
choice, the anomaly condition is satisfied for a trivial hidden bundle and the chiral asymmetry, 
three in this case, equals half the Euler number of this manifold. Hence, this bundle has two 
of the main characteristics of the standard embedding. Note, however, that it does not lead 
to a vanishing right-hand side of the Bianchi identity ()2.3p and, therefore, the model receives 
corrections at order a' . 



5.2 Sp{2)/SU{2) X U{1) 

The generators {Ta} = {Ka, Hi} of Sp{2) consist of six coset generators, Ka, a = 1, ... ,6 and 



four generators Hi 



7, . . . , 10 of the sub-group SU{2) x ^'"(1). The explicit matrices and 



associated structure constants are listed in Appendix IB. 21 The second Betti number of this 
coset space is one and the second and fourth cohomology are spanned by the forms oji and u^ 
given in Eq. (|3.39p . For the volume (|c{.27p one finds from Eq. (|4.15p 



V 



12 



The single intersection number and the first Pontryagin class are given by 



nil 



Pi{TX) 



4Cd^ 



(5.16) 



(5.17) 
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As for the SU{3) case one can verify from the structure constants in Appendix ()B.2p that the 
Levi-Civita curvature does not satisfy the supersymmetry conditions. For associated bundles 
with representation p the constraint Q^ F = is trivialy satisfied while the constraint J ^ F = 
implies 

J"VafeV(^.) = [-^-^) /'(^lo) = • (5-18) 

This is solved in the region of moduli space where 

RJ = RJ = R^ . (5.19) 

Hence, all associated bundles satisfy the supersymmetry conditions in the nearly-Kahler part of 
the moduli space. In particular, this applies to the connection ()4.5p . However, as before, it has 
a vanishing index and is, therefore, of limited interest. 

Line bundles L = Ox{p) are characterized by a single integer p. They can be constructed 
as associated bundles by choosing representations p of the sub-group SU{2) x U{1) which are 
trivial on the SU{2) part and have U{1) charge p. Explicitly, this means 

p{H7) = 0, p{H8)=0, p{Hg) = 0, piHio) = ip. (5.20) 

The associated field strength is F/{2tt) = —ipui which shows that the associated bundle has first 
Chern class ci(L) = puji and should indeed be identified with Ox{p)- As before, the observable 
and hidden bundles V and V are taken as line bundle sums with vanishing first Chern class, so 
that 

V = Y,Ox{p^), V = Y,Ox{pj), ^Pi = J2PJ = ^- (^-21) 

i j i j 

For the second Chern character and the index we find 

cMV) = ^Y.P'^'^ ind(y) = -i5]pf, (5.22) 

i i 

and similarly for V . The anomaly condition now reads 

* i 

We should now study the model building options in analogy to what we did for 5[/(3)/[/(l)^. 
We need to choose bundles V and V , specified by integers pi and pj as in (j5.2ip which satisfy 
the anomaly condition ()5.23p and lead to an index ()5.22p of three so that we obtain three chiral 
GUT families. However, unlike for the previous case, the combination of these conditions is 
quite restrictive. A search over all integers pi for rk(y) = 3, 4, 5 and all integers pj shows there 
is only one solution, given by the rank four observable bundle 

(pO = (1,1,-1,-1) , (5.24) 

and a trivial hidden bundle, which satisfies the anomaly condition. Unfortunately, however, this 
model has vanishing index so is not of physical interest. 

Finally, let us work out the quasi standard-embedding (j5.15p for the present case. We recall 
that this is done by choosing the representation p which is induced by the fundamental of SU{2>) 
via the embedding SU{2) x U{\) C 5'C/(3). This means explicitly 

p(i:?7) = -2Ai , p{Hs) = -2\2, piHg) = -2X3, p(ifio) = -2\/3A8 , (5.25) 

where Aj are the Gell-Mann matrices as given in Appendix IB.li This choice satisfies the anomaly 
condition for a trivial hidden bundle. From Eq. (|4.24p . we can calculate the index explicitly and 
we find two chiral families which equals half the Euler number, as expected. 
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5.3 G2/SU{?>) 

The generators {Ta\ = {Ka,Hi} of G2 consist of the six coset generators Ka, a = 1,...,6 
and the eight generators ifj, i = 7, . . . , 14 of the sub-group SU{3). The exphcit matrices and 
structure constants are given in Appendix IB.31 The second Betti number of this coset vanishes 
so, unfortunately, there are no non-trivial hne bundles. Hence, we have to consider non-Abelian 
gauge fields in this case. 

The Levi-Civita connection and the torsion connection ()4.5p on the tangent bundle have the 
same properties as for the two previous cases. The former does not satisfy the supersymmetry 
conditions while the latter does but has a vanishing index. 

The quasi standard embedding (|5.15p is here obtained by choosing p to be the fundamental 
representation of the SU{3) sub-group. In practice, this means setting 

piHi) = -2Ai_6 ■ (5.26) 

Note here that, by our convention, the index i numbering the sub-group generators Hi runs in 
the range 7, . . . , 14. The anomaly condition is satisfied with a trivial hidden bundle and the 
number of generations is half the Euler number and, hence, equal to one. 

6 Conclusion and outlook 

In this paper, we have studied the compactification of the heterotic string on six-dimensional 
coset spaces G/H with particular focus on the three coset spaces SU{3)/U{1)'^, Sp{2)/SU{2) x 
C/(l) and G2/SU{3). These coset spaces are half-flat and they solve the gravitational sector of 
the theory in the context of heterotic domain wall vacua. We have shown that the three coset 
spaces have the structure of half- flat mirror manifolds and, hence, the general results for the 
gravitational part of the four-dimensional effective theory obtained in Refs. [HIS] can be directly 
applied. The main purpose of this paper has been to gain a better understanding of the gauge 
field sector in heterotic half-flat compactifications. 

The group origin of the coset spaces facilitates the construction of gauge bundles and the 
computation of explicit connections on them. The supergravity equations can, therefore, be 
checked directly. Specifically, for each representation of the sub-group H one has a vector 
bundle associated to the principal bundle G = G{G/H,H). For the case 5C/(3)/C/(l)^ the 
irreducible representations of the sub-group H = C/(l)^ leads to line bundles and, in fact, all 
line bundles on this coset space can be obtained in this way. Since the second Betti number, 
6^, of this space is two these line bundles are characterised by two integers which correspond 
to the two charges of U{1)'^. The situation is analogous for Sp{2)/SU{2) x U{1). Taking the 
SU{2) representation to be trivial the U{1) representations, specified by a single charge, lead 
to a one-integer family of line bundles, in accordance with 6^ = 1 for this space. The second 
Betti number of G2/ SU{3) vanishes so there are no non-trivial line bundles on this space as, 
indeed, there are no non-trivial one-dimensional representations oi H = SU{3). Of course, one 
can also consider higher-dimensional representations and we have presented some examples. One 
possible choice is the "fundamental" representation of H, that is the representation induced by 
the fundamental of SU{3) D H. It turns out that this choice, for all three coset spaces, leads to 
a quasi standard embedding where the anomaly condition is satisfied for a trivial hidden bundle 
and the chiral asymmetry is given be half the Euler number of the manifold. 

For the first two coset spaces, we have also shown that consistent vacua can be obtain by 
suitable sums of line bundles in the observable and hidden sector. The Sp{2) / SU {2) x U{\) case 
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where line bundles are labeled by only one integer is quite restrictive in this regard and we have 
been able to find only one consistent model, unfortunately with a vanishing chiral asymmetry. 
The S'C/(3)/C/(l)^ case, however, allows for many consistent solutions with line bundle solutions 
and we have presented a number of explicit examples with chiral asymmetry three. 

Specifically, the 5C/(3)/C/(l)^ case requires a more systematic study of all possible line bundle 
models and work in this direction is underway [27] . More general, non-Abelian bundle construc- 
tions, for example based on quotients or extensions of line bundle sums can also be studied in this 
case and possibly for Sp{2)/SU{2) x U{1). Recently, a new class of SU{3) structure manifolds 
which might be suitable for heterotic compactifications has been found by using methods in toric 
geometry |22p23j. It might be interesting to study bundles on this new class of manifolds. 
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Appendix 

A Conventions 

In this appendix we summarize the conventions used throughout the paper. First we present our 
index conventions, both for 10-dimensional space-time and Lie group generators. Subsequently, 
we briefly review some standard facts about SU{3) structures which we rely on in the main part 
of the paper. 

A.l Indices 

The ten-dimensional background geometries used in this paper decompose in the following man- 
ner, 

Mio = M3 X Ml X X , (A.l) 

where only X is compact. This is alternatively seen either as a 3 + 7 decomposition (where the 
7~dimensional space corresponds to Mi x X) or a 4 + 6 decomposition (where the 4-dimensional 
space is M3 x Mi). For this reason we introduce the following sets of indices for the various 
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parts of this decomposition. 



lOd 
Id 
6d 

M 

Id 



M,N,... = 0,1,..., 9 
m,n,p, ... = 3,4, ...,9 
u,v, ... = 4, 5, ..., 9 
H,iy,... = 0,1,2,3 
a, /3, 7, ...=0,1,2 
M = fi = m = 3 . 



(A.2) 



Furthermore, in the geometry of coset spaces, we use the fohowing conventions to label the 
various types of generators. 



G 

G/H 

H 



A,... = 1,2, ...,dim(G) 
a,b,... = 1,2,..., 6 
i,j,... = 7,8, ...,dim(G) . 



(A.3) 



Evidently, the indices a,b, ... label the internal six-dimensional geometry and therefore are the 
co-frame (vielbein) indices associated to the above coordinates u,v,.... 

A.2 SU{3) structure 

Generically, the structure group of the frame bundle of a six-dimensional manifold is given 
by GZ(6,M) but may also be a genuine sub-group of G^(6,M). This happens if there exist 
globally defined tensors on the manifold which have to be invariant under the structure group 
transformation. For the case of an SU{3) structure on a six-dimensional manifold X these 
tensors are given by a real two- form J and a complex three- form Q, which are subject to the 
following algebraic compatibility relationqj 



J A J A J 



4 



nA.j = . 



(A.4) 



It is understood that both sides of the first equation are non-vanishing everywhere and, hence, 
define a volume form on X. Moreover, J and Q define a metric on X which we denote by g. 

If both forms are closed, the SU{3) structure is integrable and {X, g) has SU{3) holonomy 
with respect to the Levi-Civita connection. In general, however, the forms will be not closed and 
the connection compatible with the SU{3) structure on {M,g) will have non- vanishing torsion. 
The resulting geometries are classified according to the decomposition of the torsion r into 
irreducible SU{3) representations 



r G (1 + 1) © (8 + 8) © (6 + 6) © (3 + 3) © (3 + 3) 



(A.5) 



which are referred to as the five torsion classes Wi , W2 , W3 , W4 and W^ . In terms of these, J 
and n can be expressed as 

dJ = --lm{Win) + W4AJ + W3, dn = -WiJAJ + W2AJ + W5An, (A.6) 



^Note that the minus sign in the first equation is different from the usual convention in the mathematical literature. 
It originates from swapping the real and imaginary parts of fJ. This choice has been made in order to be consistent 



with the conventions in Ref. [5]. 
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where the classes satisfy 

w^hJ = Wz^^ = W2^J ^J = ^ , (A.7) 

in order to fit the conipatibihty relations ()A.4p . Here are some special types of SU{3) structures 
which are characterized by the following conditions on the torsion classes [j 

nearly Kaehler r € Wi 

almost Kaehler r G W2 

Kaehler t gW^ 

half-flat reW^® W^ © W3 . 

Furthermore, the Strominger system has the following characterisation in terms of the torsion 
classes, 

T e TVs © 1^4 © W^5 , 2Ty4 = W5 and W4, W^ are exact and real. (A. 8) 

As previously stated, we are decomposing the ten dimensional space Mio into 

Ms X Mix X , (A.9) 

where M3 is 2 + 1-dimensional Minkowski space. The heterotic supergravity equations, in the 
absence of flux and with a constant dilaton, dictate that Mi x X is a manifold with G2 holonomy. 
This is equivalent to the existence of a covariantly constant spinor rj on Mi x X. This spinor 
can be decomposed into two chiral spinors rj± on X by writing 

r/(x-) = -^(r?+(x-) + 7?_(x-)) . (A.IO) 

This allows us to construct a real two-form and a complex three-form 



It can be shown |1HI28|. given the appropriate flow of these tensors along Mi as described by 
Eqs. ()2.9p . that those define an SU{3) structure on the six-dimensional space which is half-flat. 



B The three coset spaces 

In this appendix we collect relevant information on the three coset spaces G/H we focus on 
in this paper. This includes generators of the Lie-group, structure constants and some topo- 
logical information such as Betti numbers. The generators, Ta of the Lie-algebra of G are 
split up as {Ta} = {Ka,Hi}, where Ka, a = 1, ... ,6 denote the coset generators and {Hi}, 
i = 7, . . . , dim(G) are the generators of the sub-group H. 

B.l SU{3)/U{lf 

Let us first recall the standard Gell-Mann matrices for the Lie algebra of SU{3). 



Hn the mathematical literature half-flat manifolds are characterized by r e W^ ® W2 © W3 
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Our generators are given by a re-labelled version of the Gell-Mann matrices defined as follows. 

Ki = Ai , K2 = \2, K3 = Xi, i^4 = As , (B.l) 

-^^5 = ^6, Kq = Xj , Hj = X3 , Hs = Xs . (B.2) 

The geometry of the homogeneous space SU{3)/U{1) x U{1) is entirely determined by the 
structure constants which in our basis {Ka, Hi} are given by 



-/l4^ 



/23 — /24 



f: 



73 



-f: 



75 



/12 =1 

/l3 

/34' = /se' = V3/2 . 
The non-vanishing Betti numbers of this coset are given by [IT] 
60 = 1, 62 = 2, 64 = 2, 66 = 1 

which leads to the Euler number 

X = 6 . 



1/2 



(B.3) 

(B.4) 
(B.5) 



B.2 Sp{2)/SU{2) X U{1) 

We choose as generators for Sp{2) 
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K3 
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0/ 







-1 



1 0\ 

1 



0/ 

/ 1 



^2 = 72 



,Ka 



-1 



^6 = 75 



H^ 



/ 





V 



V 



-1 

/ 



H. 



-1 
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0/ 



/ 1 \ 
10 
10 

V 1 y 

/ 



'^5 = 71 



V-1 



1 



0/ 

/ 





V 



Hj 









/ 





V 





—I 
/ 



H 



10 



1\ 



0/ 



\ 




/o 
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V / 



\ 
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The respective decomposition of the Sp{2) Lie algebra corresponds to the non-maximal em- 
bedding of SU{2) X f/(l) into Sp{2). The homogeneous space Sp{2)/SU{2) x C/(l) is entirely 
determined by the associated structure constants 



f 6 _ 
/l3 - 


= -fu' 


- f 5 

— /23 


- f 6 

- /24 


= 1 


f 6 _ 

III - 


- -fj^ 


= /si 


- f 6 

— /82 


= /91 


f 9 _ 

/78 - 


= /l0 3 


= 2 . 







'95 



'10 1 



/: 



The non-vanishing Betti numbers are [17] 

6o = 1 , &2 = 1 , 

resulting in the Euler number 

X 



4. 



10 5 



(B.6) 

(B.7) 
(B.8) 



B.3 G2/SU{3) 

Our chosen generators for G2 are 



K, 
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V3 



^3 = ^ 
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/ 




-2 

V 



2 























1 



-10 

1 

-2 
















-1 

-1 






-1 








1 











\ 




-1 


/ 

o\ 

1 





0/ 



2 \ 

10 

10 

-10 





0/ 



^8 



/oooooo 0\ 



oooooo 

0-1 

-1 

10 

Vooooio 0/ 



29 



Ho 



H 



11 



/ 














\ 















































-1 














1 


























1 


Vo 











-1 


0/ 


/ 














\ 

















1 














-1 















































1 











V 


-1 











0/ 



H 



10 



H 



12 



/ 














\ 














-1 




















-1 









































1 














Vo 


1 











/ 


/ 














\ 











1 




















1 








-1 




















-1 





























V 














0/ 



/OO 00\ 
0-100 



H 



13 







1 



\ 



1 

-1 































0/ 



/ooo 0000\ 



H 



14 



1 

V3 









-2 

















2 





























1 

















-1 





























1 


\o 














-1 


0^ 



The structure constant associated to this choice of generators are 



/r '' 



f 12 _ J- 6 
/7 11 — /73 



/ss 



10 
/s 10 = /s 11 

/lO 1 = /lO 2 
/lO 11 = /l2 13 = V 3, 

/l4 1 = /l3 — ^ 14 



"/74 
-ft 



84 



11 



/ll 1 — /ll 2 



'78 



1 

/g 10 
/i2 1 = /: 



"/g 12 
3 _ 



13 



/gs 

3 



4 _ J. 6 

/gs 



12 2 



"/i3 1 — /: 



13 2 



/l4 — ~/23 — /24 — 2/v3 



/l4 3' = /l4 5' = l/V3- 

The non-vanishing Betti numbers are [T7] 

bo = l , be 
which gives the Euler number 



(B.9) 



1 . 



(B.IO) 

(B.ll) 
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